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Analytical polarization and coherence transfer functions are
presented for spin systems consisting of three spins 1/2 with arbi-
trary coupling constants under planar mixing conditions. In addi-
tion, simplified transfer functions were derived for symmetric cou-
pling topologies. Based on these transfer functions optimal dura-
tions for the mixing period can be determined for correlations of
interest.  © 1998 Academic Press
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INTRODUCTION

Planar mixing has become an important technique for the
transfer of polarization in high-resolution NMR (1, 2). In
homonuclear experiments, broadband or selective effective
planar mixing conditions can be implemented with the help
of hard pulses (3) or based on multiple-selective irradiation
(4-8), respectively. In addition, most heteronuclear Hart-
mann—Hahn experiments also create planar mixing condi-
tions (1, 9-15). In al planar mixing experiments, the effi-
ciency of polarization transfer depends critically on the dura-
tion of the mixing period. Optimum mixing times can be
determined based on polarization transfer functions which
describe the dynamics of polarization transfer. Although
transfer functions can be calculated numerically with the
help of simulation programs (1, 3, 16, 17), anaytica solu-
tions for important transfer functions are highly desirable. In
genera, polarization transfer functions under planar mixing
conditions are markedly different from the corresponding
transfer functions under isotropic mixing conditions
(1, 3,16-18). For example, in a chain of coupled spins,
planar mixing is far less diffusive than isotropic mixing (3).
Only for a system consisting of two coupled spins 1/2, the
polarization transfer functions T%, are identical under iso-
tropic and planar mixing (1), provided that the effective
coupling constants J$i are identical in both cases. For sys-
tems consisting of three coupled spins 1/2 with planar cou-
pling tensors, analytical polarization transfer functions have
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been reported only for special cases. For J$5 = 0 the polar-
ization transfer function T7; between spins 1 and 3 was
derived by Mller and Ernst (10), and the transfer function
1> between spins 1 and 2 was solved by Majumdar and
Zuiderweg (19). Polarization transfer functions were also
reported for A,X,, A,Xz; and AXy spin systems
(10, 11, 18, 20—22) and for a chain of coupled spins
(23, 24). In addition, analytical expressions were derived
for polarization transfer functions between an arbitrary spin
| = 1/2and aspin S= 1/2 (10). In this article, analytical
polarization transfer functions are presented for the genera
case of three coupled spins 1/2 under planar mixing condi-
tions with arbitrary coupling constants J$i, J$1, and Jg .

RESULTS

For a spin system consisting of three coupled spins 1/2,
the ideal planar mixing Hamiltonian has the form

HY = 2m I { Il ok + lyloy} + 2m 3B s + liylsy}

+ 27'('\]?3?{ I2X|3X + I2y|3y} . [l]

In planar mixing experiments, the effective coupling con-
stants J§' are usualy given by J§' = J4/2 (1,13). In
analogy to the case of three coupled spins under isotropic
mixing conditions, polarization transfer functions can be de-
termined if the eigenvalues and eigenfunctions of HY, are
known (25). As H}, commutes with F,, the planar mixing
Hamiltonian assumes block structurein the basis of the prod-
uct functions | aaa) (with magnetic quantum number m= 3/
2), |Baa), |afa), |aaf) (Withm = 1/2), |aBp), | BaB),
| BBa) (with m = —1/2), and |B88) (with m = —3/2).
Each block only connects product functions with equal mag-
netic quantum number m. For m = +3/2, the resulting
blocksare{ HY, } ¥ = { H} } ©%¥? = (0); i.e, two eigen-
values of Hj, are given by Ao = 0. For m = *=1/2, the
blocks have the form
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0 JE J%
{HR}UD=(H " =x| 3% 0 3% ). [2]
Jeff Jeff O

13 23

The eigenvalues of these two identical 3 X 3 matrices can
be solved using Cardan’s formula (26),

A1 = 27S cos(%) [3a]

oz = —27S cos(sp ; 7r> [3b]

with

Q= arccos(s—p3> , p=J39J3%4J%, and

[4]

. \/( 9)? + (0H)* + 9)?
: .

For each eigenvalue \; (Eq. [3]) the three components «; ,
B:, and y; of the corresponding normalized eigenvector are
given by

a; =ct®n, i =c®Vn, vy =c?In  [5]
with
MM =N\ + (wIf + 7 Iim) (7w I + N ) — (7 If)* [6]

and

n = \/(Ci(123))2 + (Ci(23l))2 + (Ci(glz))zl

[7]

Hence, the states

Y1 = |aaa)
Y2 = ai| faa) + Bilafa) + yilaaB)
s = az|faa) + Bolafa) + va|laap)
s = az|faa) + Bslafa) + ys|laap)
s = ailaBp) + BilBaB) + il BBa)
Yo = azlaff) + B2l faB) + v.|BBa)
Y7 = azlaBB) + Bl faB) + vl fBa)

s = |BBB) [8]

form an orthonormal eigenbasis of the planar mixing Hamil-

tonian HY, . In this eigenbasis coherence and polarization
transfer functions

Tr{ B'U(r)AUT"}
Tr{ B'B}

[9]

TA%B ( T

between two operators A and B can be calculated conve-
niently because the propagator

U(7) = exp{ —iH; 7} [10]
is diagonal with the nonzero matrix elements (U).; = (U)gs
= exp{ —ihot} =1, (U)2 = (U)ss = exp{ —iNa7}, (U)ss
= (U)es = exp{ —iNz7}, and (U)as = (U)7z = exp{ —iks7}.
For coherence and polarization transfer functions of practical
interest we were able to derive compact analytical solutions
with the help of the algebraic program Mathematica (27).
The following discussion is focused on polarization transfer
functions between I, and I, (with k, | = 1, 2, or 3).

Except for constant terms, all polarization transfer func-
tions can be expressed as combinations of three cosine terms
with the oscillation frequencies A, Az, and A, which
correspond to differences of the eigenvalues \;, \,, and \;
(cf. Eq. [3]):

Aij = )\i - )\j- [11]

In practice, the polarization transfer between two different
spins (k # 1) is of particular interest, because it describes
the mixing-time dependence of the integrated intensity of
the cross peak between the spins k and |. The polarization
transfer function T%(7) = T -, (7) between spin k = 1
and | = 2 can be expressed in the form

22(7) = a{1 — cos(Ap7)} + {1l — cos(Ayr)}

+ ax{l — cos(Ax7)} [12]

with the coefficients

a; = 5{ (aiaj — BiB3)* — (viv))’}- [13]

The transfer functions Tg (7) with {k, I'} = {1, 3}, {2, 3}
can be obtained by a simple permutation of the spin labels.

The transfer functions T (7) that represent the integrated
intensities of the diagonal signals can be derived in analogy
to the transfer functions T (7). For example, the transfer
function T%,(7) is given by

T4(7) =1 — b{1 — cos(Ax7)}
— bie{1 — cos(As7)}

— bos{1 — cos(AzxT)} [14]
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TABLE 1
Polarization and Coherence Transfer Functions
TAHB(T) fOI’ A = IlZ

(a) B = Ikz
T (7) = Th(r) = 1 — 3%, W8(1 — cos(Ay7)}

T (T) = Th (1) = 22 %{(aiaj = BiB)* = (riv)H1 — cos(Ay)}
T (1) = Ti(7) = 3% Hl@wa; — ym)? — (BBYHL — cos(Ayr)}
(b) B = lily — Iidliy

Tttty (T) = 35 3 (Biy
Tty tayy (1) = 5 3 (viy —

T|u~|2x|3y7|3x|2y(’f) = Ei3<j %{ (viBy — Biy)wi}sin(Agr)

- alﬂ])vvlj} s n(AIJT)

a|71)W|J} Sin(Ale)

(C) B = Ikz(llxlrnx + Ilylmy)
Tiiliadac i) (T) = 2 %{(ﬁm + viBwi{1 — cos(AyT)}

1
Tirtfiaciip(T) = 2 7@y + vi)wH{1 — cos(AyT)}

Tttty (1) = S5 3 (@B, + Bia)Wil{1 — cos(A;7)}

Note. a;, £, and v; are defined in Eq. [5] and w; = aie — BifB; — viv;.

with the coefficients

bij = %(aiaj - ﬂiﬁj - Yi%')z- [15]

Again, the transfer functions T (7) with arbitrary k can be
obtained by a permutation of the spin labels. The set of all
nonzero polarization and coherence transfer functions Tag
is summarized in Table 1 for A = 14,.

The genera solutions for the polarization transfer func-
tions (Egs. [12] and [14]) can be simplified for symmetric

coupling topologies. For example, if |JS&| = |JZ |, the
nonzero eigenvalues of the Hamiltonian are
pr = —mI% [16a]
paa = (38 = VOE)* + 83H)%)  [16b]

and the polarization transfer functions T (7) simplify to

(r) = %1{1 — cos(657)} + r—62{1 ~ cos(8157)}

Mo

18 {1 — cos(6,37)}, [17a]

Th(r) = Th(r) = 52 {1 ~ cos(6s7)}, [170]

f3(r) = Th(r) = 1 - {1~ cos(ér))

- %{1 — cos(6157)}

rir,
— 1_8 {1 — cos(6,:7)}, [17c]
2(r) = 1 - 222 (1 — cos(6,7)}, [17d]
with
ri= (V2cosy — siny)?,
r,= (Cosy +V2siny)?, [18]

eff of ety 2 e\ 2
= erctan| 298 838 ~ SO BOEY)
2 % - 8

and the oscillation frequencies

O = pi — 4y [20]
Note that in contrast to the case of isotropic mixing, the
transfer functions under planar mixing conditions still de-
pend on the effective coupling constant J$5, even if spins
1 and 2 are effectively equivalent during the planar mixing
period, i.e, if the effective fields v§" and v§" (as well as
v§") are identical (1) and if J5T = J51.

For the specia case where J5§ = 0, Egs. [17] simplify
to

Ti(7) = Y1 — cos(m/23% 7)}

— 11 - cos(2m235 1)}, [21a]

Ti(7) = Tha(7) = {1 - cos(2m23% )}, [21b]
Th(r) = Ta(r) = 1 — 3{1 — cos(m/23% 1)}

— 141 — cos(2m23% 1)}, [21c]

(1) = 1 — {1 — cos(2m/23% 1)} . [21d]

For totally symmetric coupling topologies with identical ab-
solute values of the effective coupling constants (| J55 | =
| J59 | = |IZ|), the polarization transfer functions of Egs.
[17a] —[17d] smplify to

Ti(7) =Tiha(7) = Ta(r) = 5{1—cos(3rIF 1)},

[22a]
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Ti(7) = To(7) = Tas(7)

1 - 3{1 - cos(3rJI&)}.

[22b]

In order to verify the analytical polarization transfer func-
tions, experimental transfer functions were acquired for 1,2-
dibromopropanoic acid dissolved in benzene-ds. The cou-
pling constants of the *H spin system are J;, = —10 Hz, J;5
=4.6Hz, and J,; = 11 Hz (28) . At aspectrometer frequency
of 600 MHz the offsets of the three resonances were v, =
OHz, v, = 306 Hz, and v; = 608 Hz relative to the resonance
frequency of the first spin. Planar mixing conditions were
created using multiple-selective CW irradiation (1, 4) . Here,
we implemented triple-selective CW irradiation by irradiat-
ing ashaped pulse of theform yB,/(27) =3_; exp{ i27rvy it}
at the resonance frequency of the first spin. As v3/2 = 304
Hz is amost identical to v,, we chose the modulation fre-
qguencies vy,; = 0 Hz, vy, = 304 Hz, and v3,s = 608 Hz in
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order to have a perfect alignment of the three individua
rotating frames associated with vy ¢, V4., and v, after inte-
ger multiples of 7. = 1/304 Hz = 3.28 ms. In order to fulfill
the condition

| Jal < [vBu/(27)] < |v — vy [23]

an RF amplitude of yB,/(2x) = 35 Hz was used (1, 4).
With these parameters, planar mixing conditions are ap-
proached with effective coupling constants J§§ ~ J,/2 =
—5.0 Hz, J¥ ~ Ji5/2 = 23 Hz, and J§f ~ J,/2 = 55
Hz and vanishing effective offsets (v§" ~ v ~ v§ ~ 0
Hz) . The experimental mixing timewasincremented in steps
of 7. Thetriple-selective CW irradiation creates an effective
planar Hamiltonian in the yz plane (H), = 27 3
JZ{lyly + ll;}) rather than in the xy plane (HE,). In
this case, the polarization transfer functions T (7) of Egs.
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For the *H spin system of 1,2-dibromopropanoic acid with J, = —10 Hz, J;3 = 4.6 Hz, and J,; = 11 Hz (28), the theoretical (solid curves) and

experimental (diamonds) transfer functions (A) T4.(7), (B) Ti:(7), and (C) T3s(7) are shown for planar mixing conditions with the effective coupling
congtants J$i = —5 Hz, J&¥ = 2.3 Hz, and J& = 5.5 Hz. The experimental transfer functions were extracted from three series of 1D experiments in which
the selective excitation of one spin was followed by a planar mixing period of increasing duration (see text for details). In A’—C' the three components of
T%(7), Tis(7), and T33(7) are shown (cf. Eq. [12]): ap{1 — cos(Ap7)} (—); as{l — cos(Ar)} (- - +); and axs{l — cos(Axr)} (---).
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For the *H spin system of 1,2-dibromopropanoic acid the theoretical (solid curves) and experimental (diamonds) transfer functions (A)

Ti(7), (B) T5(7), and (C) T3s(7) are shown for planar mixing conditions. In A’—C’ the four components of T%,(7), T5(7), and T3;(7) are shown
(cf. Eq. [14]): 1 (-- - +-); —bi{1l — cos(ArT)} (—); —bis{1l — cos(Ass7)} (- - +); and —bxs{1 — cos(Ax7)} (---).

[12] and [14] represent the transfer of x magnetization in
the rotating frame.

Figure 1 shows the experimental and theoretical polariza-
tion transfer functions T3,(7), Tis(7), and T33(7) for the
'H spin system of 1,2-dibromopropanoic acid. In addition
to the transfer functions (A—C), the individual harmonical
components with frequencies A.,/(2r) = 7.53 Hz, Al
(27) = 5.47 Hz, and A,s/(27) = 2.05 Hz are shown in
Figs. 1A'—1C’. Figure 2 shows the results for the transfer
functions T3,(7), T5:(7), and T%(7), respectively. The
theoretical and experimental transfer functions match rea-
sonably well and the remaining deviations can be attributed
to the effects of relaxation and B,-field inhomogeneity which
lead to an additional damping of the experimental transfer
functions.

Since |J$§ | = 5.0 Hz ~ |J¥ | = 5.5 Hz, the resulting
transfer functions can also be approximated by Egs. [17a] —
[17d] if the labels of spins 2 and 3 are exchanged. The
transfer functions T%,(7), T4:(7), and T%,(7) are governed
by a single cosine component (corresponding to Egs. [17b]

and [17d]) with only dight modifications due to the small
mismatch of the coupling constants | JS | and |JS |. A
comparison of Figs. 1 and 2 with the transfer functions of
1,2-dibromopropanoic acid under isotropic mixing condi-
tions (25, 29) reveals the markedly different transfer charac-
teristics of the two effective coupling topologies. Whereas
in this case the transfer T3,(7) is more efficient under iso-
tropic mixing, a larger maximum amplitude of Tis(7) can
be achieved by planar mixing.

CONCLUSIONS

Analytical polarization and coherence transfer functions
were derived for the general case of three planar coupled
spins 1/2 with arbitrary effective coupling constants JS7
J$1, and J§I. The transfer functions presented correspond
toideal planar mixing conditions, where experimental imper-
fections and rel axation can be neglected. In order to estimate
optimal mixing times for practical applications, the transfer
functions should be multiplied with an appropriate damping
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function (16). Some experiments also create nonzero effec-
tive spin-lock fields in addition to planar effective coupling
tensors. For example, the heteronuclear Hartmann—Hahn se-
quence DIPSI-2* (13) creates an effective Hamiltonian of
the form HY, + HY" with HY" = 27vF,. As HZ- com-
mutes with HJ, and with |,,, the transfer functions in Egs.
[12] and [14] are also vaid in this case, provided that the
axis labels x, y, and z are replaced by vy, z, and X, respec-
tively.
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